GEOMETRY

impares vel pares multitudine, cum hec, ut dixi, loco ad quatuor lincas
respondeant, nullum igitur posuerunt ita ut linea nota sit, &c.*

The question, then, the solution of which was begun by Euclid and
carried farther by Apollonius, but was completed by no one, is this:

Having three, four or more lines given in position, it is first required
to find a point from which as many other lines may be drawn, each
making a given angle with one of the given lines, so that the rectangle
of two of the lines so drawn shall bear a given ratio to the square of
the third (if there be only three) ; or to the rectangle of the other two
(if there be four), or again, that the parallelepiped™ constructed upon
three shall bear a given ratio to that upon the other two and any given
line (if there be five), or to the parallelepiped upon the other three (if
there be six) ; or (if there be seven) that the product obtained by mul-
tiplying four of them together shall bear a given ratio to the product
of the other three, or (if there be eight) that the product of four of
them shall bear a given ratio to the product of the other four. Thus
the question admits of extension to any number of lines.

Then, since there is always an infinite number of different points
satisfying these requirements, it is also required to discover and trace
the curve containing all such points." Pappus says that when there
are only three or four lines given, this line is one of the three conic
sections, but he does not undertake to determine, describe, or explain
the nature of the line required™ when the question involves a greater
number of lines. He only adds that the ancients recognized one of
them which they had shown to be useful, and which seemed the sim-

"B This rather obscure passage may be translated as follows: “For in this are
agreed those who formerly interpreted these things (that the dimensions of a
figure cannot exceed three) in that they maintain that a figure that is contained by
these lines is not comprehensible in any way, This is permissible, however, both
to say and to demonstrate generally by this kind of proportion, and in this man-
ner: If from any point straight lines be drawn making given angles with straight
lines given in position; and if there be given a ratio compounded of them, that
is the ratio that one of the lines drawn has to one, the second has to a second,
the third to a third, and so on to the given line if there be seven lines, or, if there
be eight lines, of the last to a last, the point lies on the lines that are given in
position. And similarly, whatever may be the odd or even number, since these,
as I have said, correspond in position to the four lines; therefore they have not
set forth any method so that a line may be known.” The meaning of the passage
appears from that which follows in the text.

¥ That is, continued product,

9 Tt is here that the essential feature of the work of Descartes may be said
to begin.

151 See line 19 on the opposite page.
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LivRe PREMIER. 307

kelepipede comnpofé des deux quireftent, & d’'vne autre
ligne donnée. Ous’ilyenafix, que le parallelepipede
cGpofé de troisait la proportion donnee auecle paralle-
lepipede destroisautres. Ous'ilyenafept,que ce quife
produift lorfqu'on en multiplie quatrel'vne par l'autre,
aitla raifon donnde auec ce quife produift par fa multi-
plication des trois autres, & encore d’'vne autre ligne
donnée; Ous’ilyenahuit, que le produit de la multi-
plication de quatreait la proportion donnée auec le-pro-
duit des quatre autres. Et ainfi cete queftion fe peut
cftendre a tout autre nombre de lignes. Puis a caufe qu'il
ya toufiours vneinfinite de divers poins qui peuuent fa-
tisfaire ace qui eft icy demande, il eft aufly requis de
connoiftre, & de tracer laligne,danslaquelle ils doiuent
tous {e trouuer. & Pappus dit que lorfqu'’il n’y a que
trois ou quatre lignes droites données, c’eft en vne des
trois fections coniques. mais iln’entreprend point de la
determiner , nyde la defcrire, non plus q'ue d'expli-
quer celles ou tous ces poins fe doiuent trouuer, lorfque
la queftion eft propoféeenvn plus grand nombre de li-
gnes. Seulement il aionfte que les anciens en auoient
imaginévne qu’ils monftroient y eftrevtile , mais qui
fembloit la plus manifefte, & qui n’eftoit pas toutefois I
premiere. Ce qui m'adonné occafion d’effayer fi par la
methode dontie me fers on peut aller aufly loin qu’ils
ont efte.

Et premierementi‘ay connu que cete queftion n’eftant Refponfe
propofce quen trois, ou quatre,ou cinqlignes , on peut ai‘; Joe
toufiours trouuer les poins cherchés par la Geometrie Pappus.
fimple; c’eft adire en ne fe feruant que de la reigle scdu

Qq 2 compas,
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308 LA GEOMETRIE.

compas, ny ne faifant antzre chofe, que ce qui adefiaefte
dit; exceptéfeulement lorfqu’il ya cinq lignes données,
fi elles fonttoutes paralleles. Auquel cas, comme aufly
lorfque la queftion eft propofée en fix,ou7, ous, ou g

lignes, on peuttoufiours trouuer les poins cherchés par
la Geometrie des folides ; c’eft a dire en y employant

quelqu’vne destrois fections coniques. Excepte feule-

ment lor{qu’ily a neuflignes donnees, fielles font toutes

paralleles. Auquelcasderechef, & encore en1o,11,12,

ou 13 lignes on peut trouuer les poins cherches par le

moyen d’vne ligne courbe qui foit d’vndegré plus com-

pofée que les fe¢tions coniques, Excepté entreize fiel-

les font toutes paralleles, auquelcas, & en quatorze, 1y,

36, &17ilyfaudra employer vne ligne courbe encore

d'va degre plus compofe que la precedente & ainfi

al'infini.

Puis tay trouu€ aufly, que lorfqu’il nyaquetrois ou
quatre lignes données, les poinscherchés fe rencontrent
tous , nonfeulement en I'vne des trois fections coni-
ques, mais quelquefois aufly en la circonference d'vn
cercle, ou en vneligne droite. Et que lorfqu'il yena
cinq, oufix, oufept, ou huit, tous ces poins fe rencon-
trent en quelque vne deslignes, qui font d’'vn degré plus
compofdes que les feCtions coniques , & il eft impoflible
d’enimagineraucune qui ne foit vtile a cete queftion;
mais ils peuuent aufly derecheffe rencontrer envne fe-
&ion conique, ou en vocercle, ou en vne ligne droite.
Et s’ily enaneuf, ouzo,0uit,ourz, ces poins fe ren-
contrent en vne ligne, quine peut eftre que d’'vodegré
plus compofée que les precedentes ; mais toutes celles

qui
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FIRST BOOK

plest, and yet was not the most important.”® This led me to try to find
out whether, by my own method, I could go as far as they had gone.”™

First, I discovered that if the question be proposed for only three,
four, or five lines, the required points can be found by elementary
geometry, that is, by the use of the ruler and compasses only, and the
application of those principles that I have already explained, except
in the case of five parallel lines. In this case, and in the cases where
there are six, seven, eight, or nine given lines, the required points can
always be found by means of the geometry of solid loci,"” that is, by
using some one of the three conic sections. Here, again, there is an
exception in the case of nine parallel lines. For this and the cases of
ten, eleven, twelve, or thirteen given lines, the required points may be
found by means of a curve of degree next higher than that of the conic
sections. Again, the case of thirteen parallel lines must be excluded,
for which, as well as for the cases of fourteen, fifteen, sixteen, and
seventeen lines, a curve of degree next higher than the preceding must
be used ; and so on indefinitely.

Next, I have found that when only three or four lines are given, the
required points lie not only all on one of the conic sections but some-
times on the circumference of a circle or even on a straight line."!

When there are five, six, seven, or eight lines, the required points
lie on a curve of degree next higher than the conic sections, and it is
impossible to imagine such a curve that may not satisfy the conditions
of the problem; but the required points may possibly lie on a conic
section, a circle, or a straight line. If there are nine, ten, eleven, or
twelve lines, the required curve is only one degree higher than the pre-
ceding, but any such curve may meet the requirements, and so on to
infinity.

8] See lines 5-10 from the foot of page 23.

BT Descartes gives here a brief summary of his solution, which he amplifies
later.

41 This term was commonly applied by mathematicians of the seventeenth cen-
tury to the three conic sections, while the straight line and circle were called plane
loci, and other curves linear loci. See Fermat, Isagoge ad Locos Planos et Solidos,
Toulouse, 1679.

Y Degenerate or limiting forms of the conic sections.
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GEOMETRY

Finally, the first and simplest curve after the conic sections is the
one generated by the intersection of a parabola with a straight line in
a way to be described presently.

I believe that I have in this way completely accomplished what
Pappus tells us the ancients sought to do, and I will try to give the
demonstration in a few words, for I am already wearied by so much
writing.

Let AB, AD, EF, GH, ... be any number of straight lines

[42]

given in position,” and let it be required to find a point C, from which

straight lines CB, CD, CF, CH, ... can be drawn, making given angles
CBA, CDA, CFE, CHG, ... respectively, with the given lines, and

121 It should be noted that these lines are given in position but not in length.
They thus become lines of reference or coordinate axes, and accordingly they
play a very important part in the development of analytic geometry. In this con-
nection we may quote as follows: “Among the predecessors of Descartes we
reckon, besides Apollonius, especially Vieta, Oresme, Cavalieri, Roberval, and
Fermat, the last the most distinguished in this field; but nowhere, even by, Fermat,
had any attempt been made to refer several curves of different orders simultane-
ously to one system of codrdinates, which at most possessed special significance
for one of the curves. It is exactly this thing which Descartes systematically
accomplished.” Karl Fink, 4 Bricf History of Mathematics, trans. by Beman and
Smith, Chicago, 1903, p. 229.

Heath calls attention to the fact that “the essential difference between the
Greek and the modern method is that the Greeks did not direct their efforts to
making the fixed lines of a figure as few as possible, but rather to expressing
their equations between areas in as short and simple a form as possible.” For fur-
ther discussion see D. E. Smith, History of Mathcmatics, Boston, 1923-25, Vol. 11,
pp. 316-331 (hereafter referred to as Smith).
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LivrRe PREMIER. 399
qui font d'vndegréplus compofces y peunuent feruir, &
ainfi al'infini.

Au reftelapremiere, & la plus fimple de toutes aprés
les fections coniques, eft celle qu’on peut defcrire par
I'interfection d'vne Parabole, 8 d’vneligne droite, enla
fagon qui fera tantoft expliquée. Enforte que ie penfe
anoir entierement fatisfait a ceque Pappus nous dit auoir
efte¢ chetchéen cecy parles anciens. & ietafcheray d’en
mettre lademonftration en peu de mots.car il m’ennnie
defiad’en tant efcrire.

Soient AB, A D, EF, GH, &c. plufieurs lignes don-
nees par pofition, & qu'il faille trouuer vn point,comme
C, duquel ayant tir¢ d’autres lignes droites fur les don-
nées,comme CB,C D, CF, &CH, en forte que les
anglesCB A,C DA, CFE, CH G, &c., foient donnés,

Qq 3 &
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310 LA GEOMETR IE.

& que ce quieft produit par la multiplication d’vne par-
tic de ceslignes, {oit efgal a ce qui eft produit par la mul-
tiplicationdes autres, oubien qu'ils ayent quelque autre
proportion donnée, car cela ne rend point la queftion
plus difficile.
Commé: Premierement ie fuppofe la chofe cémme defiafaite,
;’oéf ies & pour me demefler de la cofulion de toutes ces:lignes,
termes  je confidere Ivne des données, & I'vne de celles qu’il
P s I'E. fauttrouuer, parexemple A B, & C B, comme lesprin-
quation  cipales, & aufquelles ie tafche de rapporter ainfi toutes
;l:cclf,i,lc, lesautres. Quelefegment de laligne A B, qui eftentre
les poins A & B, foit nommé x. & que BC {oit nomm¢
y. & quetoutes les autres lignes données foient prolon-
gées, iulques a ce qu'elles couppent ces deux, aufly pro-
longées s’il eft befoin, & fielles neleur font point paral-
leles. comme vous voyesicy qu'elles couppentla ligne
A Bauxpoins A, E, G, & BC aux poinsR,S,T. Puis a
caufeque tous lesangles dutriangle A R B font donnes,
la proportion,quieft entre les coftés A B, & B R, eft aul-

{y donnée, &ie lapofe commedezab, defagonqu’ A B
eftant x, R Bfer1 b—:’ & latoute CR feray - 6’;:’ a caufe
que le point Btombe entre C & R; carfiR tomboit en-
tre C & B,C R feroit y-- b—:5 & fi Ctomboitentre B & R,

C R feroit -- _y+£f‘ Tout de mefme les trois angles

du triangle D R C font donnes$, & par confequent auffy

laproportion Juieft entreles coftés CR, & CD, queie

pofe comme de 2 ¢: de fagon que C Reftant y +- 2’5,

CD



FIRST BOOK

such that the product of certain of them is equal to the product of the
rest, or at least such that these two products shall have a given ratio,
for this condition does not make the problem any more difficult.

First, I suppose the thing done, and since so many lines are confus-
ing, I may simplify matters by considering one of the given lines and
one of those to be drawn (as, for example, AB and BC) as the prin-
cipal lines, to which I shall try to refer all the others. Call the segment
of the line AB between A and B, #, and call BC, y. Produce all the
other given lines to meet these two (also produced if necessary) pro-
vided none is parallel to either of the principal lines. Thus, in the
figure, the given lines cut AB in the points A, E, G, and cut BC in the
points R, S, T.

Now, since all the angles of the triangle ARB are known," the ratio
between the sides AB and BR is known."! If we let AB:BR=2z2:D,

/ 48
since AB = x, we have RB = L;f ; and since B lies between C and R
we have CR=1y +} IJTx (When R lies between C and B, CR is equal

b
toy — ézf, and when C lies between B and R, CR is equal to— 1y + —zf )

Again, the three angles of the triangle DRC are known,"” and there-
fore the ratio between the sides CR and CD is determined. Calling this

. . bx cy  box .
ratio z:¢, since CR=y+4 —, we have CD = , Then, since

1 Since BC cuts AB and AD under given angles.

1 Since the ratio of the sines of the opposite angles is known.

1 Tn this particular figure, of course,
11 Since CB and CD cut AD under given angles.
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GEOMETRY

the lines AB, AD, and EF are given in position, the distance from A
to E is known. If we call this distance k, then EB = k + & although
EB —k—x when B lies between E and A, and E=—% + » when E
lies between A and B. Now the angles of the triangle ESB being
given, the ratio of BE to BS is known. We may call this ratio z:d.

Then BS — ak -L- ax and CS — zy_+_a’f_-|-dx.[,,]

When S lies between B

2y — dk — dx
2

and C we have CS = , and when C lies between B and S

we have CS =

-~y +zd'é+dx. The angles of the triangle FSC are

known, and hence, also the ratio of CS to CF, or z:e. Therefore,

_ezy 4 dek 4 dex

CF Likewise, AG or [ is given, and BG=/—u.

Also, in triangle BGT, the ratio of BG to BT, or ¢ :f, is known. There-

fore, BT S = and CT — W#C

. In triangle TCH, the ratio

so7 + fel — Jig=
22 :

of TC to CH, or 2 : g, is known,"” whence CH =

1 We have
CS=y+BS
—y+ de+dx

z

_zy+dk _—|— dx

4

’

and similarly for the other cases considered below.

The translation covers the first eight lines on the original page 312 (page 32
of this edition.

11 Tt should be noted that each ratio assumed has s as antecedent.

30



Livrk E PREMIER, 3rr

¢ bex
CDfera -: -+ +;. Apréscelapourceque les lignes AB,

A D, & E F font données par pofition, ladiftance qui eft
entre les poins A & E eft aufly donnée, & fi onlanom-
me K, onaura E Befgal a § 4-x; mais ce feroit & -- x, fi
le point Btomboit entre E & A ;& -- £+ x,ft E tomboit
entre A & B. Et pourceque lesanglesdutriangle ES B
font tous donné€s, la proportionde BE a BS eft auffy
donnée, & ie la pofe comme 324 , fibienque BS eft

adkdx _ zydhbkdx
—, & latoute C S eft —-7—--—2

y--dh--d i . .
Qo= ; *file point S tomboitentreB & C;8 ceferoit

- xy Ak d
2 2% T G Ctomboit entre B & S. De plus les

trois angles du triangle F S Cfont donnés, & en fuite Ia
pro-

; mais ce f{eroit
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312 LA GEOMETRIE.

proportionde CS2 CF, quifoitcomme de g2 ¢, &la

exygpdekhdex
toute C Ffera —— . En mefme fagon A G

queienomme/eftdonnee, &KBGeft /-- x, & acaufe
dutriangle BG T laproportion de BG a B T efr aufly
donnée, quifoit comme de 32 0 &B T'fera ﬂ—'g ", 8&
CT Q—?{—l—-ff Puisderechef la proportionde TCa
C Heftdonnce , acaufedutriangle T CH, &lapofant

hgry kfgl--fax
commede 32 g,onauraCH g]zfg fex

Etainfi vous voyes, qu'en tel nombre de lignes don-
nées par pofition qu'on puiffe auoir, toutes les lignes ti-
rées deflus du point C aangles donnes fuivant la teneur
de laqueftion , fe penuent toufiours exprimer chafcune
par trois termes; dont'vn eft compofe'de la quantité in-
connue y, multipliée , ou diuifee par quelque autre
connue; & l'autre de ]a quantite’ inconnue x, aufly mul-
tipli¢e oudinifée par quelque autre connué , & le trofief-
me d’vne quantite toute connu€. Excepté feulement fi
elles font paralleles; oubienalaligne AB , auquel cas le
terme compoféde la quantité x feranul ; oubienalali-
gne C B, auquel cas celuy qui eft compofe¢de la quantite
y feranul; ainfi qu'il eft trop manifefte pour queie mare-
fteal’expliquer. Etpourlesfignes—+, &--, quife ioi-
gnent 4 ces termes, ils.penuent eftre changes en toutes
les fagonsimaginables.

Puis vous voyésaufly, que muitipliant plofieurs de
ceslignesl'vne par l'autre, les quantités x &y, qui fe
trouuent dans le produit, o’y penuent auoir que chafcu-
ne autantde dimenfions, quily aeu delignes, al’expli-

cation
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FIRST BOOK

And thus you see that, no matter how many lines are given in posi-
tion, the length of any such line through C making given angles with
these lines can always be expressed by three terms, one of which con-
sists of the unknown quantity y multiplied or divided by some known
quantity ; another consisting of the unknown quantity # multiplied or
divided by some other known quantity; and the third consisting of a
known quantity."” An exception must be made in the case where the
given lines are parallel either to AB (when the term containing » van-
ishes), or to CB (when the term containing y vanishes). This case is

{50)

too simple to require further explanation.® The signs of the terms

~may be either 4+ or — in every conceivable combination."™

You also see that in the product of any number of these lines the
degree of any term containing # or y will not be greater than the num-
ber of lines (expressed by means of x and y) whose product is found.
Thus, no term will be of degree higher than the second if two lines
be multiplied together, nor of degree higher than the third, if there be
three lines, and so on to infinity.

9] That is, an expression of the form ax by, where a, b, ¢, are any real
positive or negative quantities, integral or fractional (not zero, since this exception
is considered later).

%] The following problem will serve as a very simple illustration: Given three
parallel lines AB, CD, EF, so placed that AB is distant 4 units from CD, and CD
is distant 3 units from EF; required to find a point P such that if PL, PM, PN

P

E__IR N_F
4 L] D
A -]

> ||

be drawn through P, making angles of 90°, 45°, 30°, respectively, with the
parallels., Then PM’= PL.PN.
Let PR = y, then PN =2y, PM = V2(y+3),PL=y+7. 1f PM = PN.PL,

we have [\/ ’(y+3):| =2y (y +7), whence y = 9. Therefore, the point P lies on

the line XY parallel to EF and at a distance of 9 units from it. Cf. Rabuel, p. 79.
1 Depending, of course, upon the relative positions of the given lines.
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GEOMETRY

Furthermore, to determine the point C, but one condition is needed,
namely, that the product of a certain number of lines shall be equal to,
or (what is quite as simple), shall bear a given ratio to the product of
certain other lines. Since this condition can be expressed by a single

[52).

equation in two unknown quantities,"" we may give any value we please
to either & or y and find the value of the other from this equation. It
is obvious that when not more than five lines are given, the quantity z,
which is not used to express the first of the lines can never be of degree

higher than the second.™

Assigning a value to y, we have 4% ==+ ax + b% and therefore x»
can be found with ruler and compasses, by a method already explained.®™
If then we should take successively an infinite number of different
values for the line y, we should obtain an infinite number of values for
the line x, and therefore an infinity of different points, such as C, by
means of which the required curve could be drawn.

This method can be used when the problem concerns six or more
lines, if some of them are parallel to either AB or BC, in which case

21 That is, an indeterminate equation. “De plus, & cause que pour determiner
le point C, il n’y a qu’une seule condition qui soit requise, a sgavoir que ce qui est
produit par la multiplication d’un certain nombre de ces lignes soit égal, ou (ce qui
n’est de rien plus mal-aisé) ait la proportion donnee, 3 ce qui est produit par la
multiplication des autres; on peut prendre i discretion 'une des deux quantitez
inconnués x ou 3, & chercher l'autre par cette Equation.” Such variations in the
texts of different editions are of no moment, but are occasionally introduced as
matters of interest.

11 Since the product of three lines bears a given ratio to the product of two
others and a given line, no term can be of higher degree than the third, and there-
fore, than the second in x.

11 See pages 13, et seq.
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LIivRE PREMIER. 313

cation defquelles elles feruent, qui ont efte ainfi multi-
plices: enforte qu’elles n’auront iamais plus de deux di-
menfions, en ce qui ne fera produit que par la multipli-
cation de deux lignes; ny plus de trois , ence quinefera
produit que par la multiplication detrois, & ainfial'in-
fini . -

De plus, a caufe que pour determiner le point C, il oi‘:‘:;‘l‘l’;:
n'ya qu'vne feule condition qui foit requife , 2fgauoir que ce
que ce qui eft produit parla multiplicationd’vn certain }::E}ff‘
nombre de ces lignes foit efgal, ou (cequi n'eft de rien plan, lorf-
plus malayf€) ait la proportion donnée ,  ce quieft pro- ggi;‘;’ cft
duit par la multiplication des autres; on peut prendre a Pmploféd
difcretion'vne des deux quantitésinconnuesxouy, & ,e nﬁfb,::s,e
chercher I'autre par cete Equation. enlaquelle il eft eui-
dent que lorfque la queftion n’eft point propofée en plus
decinqlignes, la quantité x quine fert point a I'expref-
fiondela premiere peut toufiours n'y auoir que deux di-
menfions. defagonqueprenant vne quantité connué
poury,ilnerefteraque xx 30 +ou-- ax-ou--44. &
ainfi onpourratrouuer la quantité x auvec la reigle &le
compas, en lafacon tantoft expliquée. Mefme prenant
fuccefliuement infinies diuerfes grandeurs pour laligne
y» onentrounera aufly infinies pourlaligne x,8 ainfi on
auravneinfinit¢de divers poins , telsque celuy quieft
marqué C, par le moyen defquels on defcrirala ligne
courbe demandeée.

1l fe peut faire aufly, la queftion eftant propofee enfix,
ou plus grand nombre de lignes; s’ily en a entre les don-
nées, qui foient paralleles a BA, ou BC, quel'vne des
deux quantités x ou y n'ait que deux dimenfions en

Rr 'Equa-
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I'Equation, & ainfi qu’on puiffe trouuuer le point C auec
lareigle & le compas. Mais aucontraire fi elles fout tou-
tesparalleles , encore que laqueftion ne foit propofée
qu'en cinq lignes, ce point C ne pourra ainfi eftre trou-
ué, a caufe que la quantité x ne fe trouuant point en tou-
te ’Equation,il ne fera pluspermisde prendre vne quan~
tité connué pour celle qui eft nommee y , mais ce fera
elle qu’il faudra chercher. Et pource quelle aura trois di-
menfions,on ne la pourra trouuer qu’en tirant la racine
d'vne Equation cubique. cequine fe peut generalement
faire fans qu’on y employe pour le moins vne feGion co-
nique. Etencorequ’il y ait iufques a neuf lignes don-
nées,pourviiqu’elles ne foient point toutes paralleles, on
peut toufiours faire que I'Equation ne monte que iufques
au quarréde quarré. aumoyen dequoy on la peat aufly
toufioursrefoudre parles fections coniques, enlafagon
quei‘expliqueray cyapres. Etencore quiil yenait iuf-
ques atreize ,on peut toufiours faire qu'elle ne monte
que iufques au quarré de cube. en fuite de quoy on la
peutrefoudre parle moyen d'voeligne , qui n’eft que
d'vn degré plus compofce que les fections coniques, en
lafagon que i'expliquerayanfly cy aprés. Et cecy eftla
premiere partie de cequei'auoisicy ademonttrer; mais
anant que ie pafle ala feconde il eft befoin que ie die

queclque chofe en general de la nature des lignes cour-
bes.
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either x or y will be of only the second degree in the equation, so that
the point C can be found with ruler and compasses.

On the other hand, if the given lines are all parallel even though a
question should be proposed involving only five lines, the point C can-
not be found in this way. For, since the quantity # does not occur at
all in the equation, it is no longer allowable to give a known value to y.
It is then necessary to find the value of . And since the term in y
will now be of the third degree, its value can be found only by finding
the root of a cubic equation, which cannot in general be done without

the use of one of the conic sections.®™

And furthermore, if not more than nine lines are given, not all of
them being parallel, the equation can always be so expressed as to be
of degree not higher than the fourth. Such equations can always be
solved by means of the conic sections in a way that I shall presently
explain.”™

Again, if there are not more than thirteen lines, an equation of degree
not higher than the sixth can be employed, which admits of solution by
means of a curve just one degree higher than the conic sections by a

method to be explained presently.™

This completes the first part of what I have to demonstrate here, but
it is necessary, before passing to the second part, to make some general
statements concerning the nature of curved lines.

5] That is, to solve the equation for y.

11 See page 84.

5] See page 107.

8] This line of reasoning may be extended indefinitely. Briefly, it means that
for every two lines introduced the equation becomes one degree higher and the
curve becomes correspondingly more complex.
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